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Abstract

The minimax probability machine (MPM) considers a binary clas-
sification problem, where mean and covariance matrix of each class
are assumed to be known. Without making any further distribu-
tional assumptions, the MPM minimizes the worst-case probability
1 — « of misclassification of future data points. However, the va-
lidity of the upper bound 1 — « depends on the accuracy of the es-
timates of the real but unknown means and covariances. First, we
show how to make this minimax approach robust against certain
estimation errors: for unknown but bounded means and covari-
ance matrices, we guarantee a robust upper bound. Secondly, the
robust minimax approach for supervised learning is extended in a
very natural way to the unsupervised learning problem of quantile
estimation — computing a minimal region in input space where at
least a fraction « of the total probability mass lives. Mercer kernels
can be exploited in this setting to obtain nonlinear regions. Posi-
tive empirical results are obtained when comparing this approach
to single class SVM and a 2-class SVM approach.

1 Introduction

The minimax probability machine (MPM) considers the supervised learning prob-
lem of binary classification. The mean and covariance matrix of each class are as-
sumed to be known, but no further distributional assumptions are made with respect
to the class-conditional densities. Under all possible choices of class-conditional den-
sities with given mean and covariance matrix, the MPM mimimizes the worst-case
(maximum) probability of misclassification of future data points. This essentially
involves exploiting the following powerful theorem presented in [3], for o € [0, 1):

: T _JTs [aT — —
yN(lgfzy) Pr{a'y <b} >aeb-—a'y > k(a)y/aTZya, k(a)=+a/l—a. (1)

where §,3, are assumed to be known and a # 0,b given with a’y < b; y is a
random vector and the infimum is taken over all distributions for y having mean y
and covariance matrix X (assumed to be positive definite for simplicity).

* http://robotics.eecs.berkeley.edu/ ~ gert/



In practice however, y, ¥, are usually unknown a priori and need to be estimated
from the data. The validity of (1) depends of course on how good the estimates are.
After revisiting the MPM shortly, we will show in Section 2 how robust optimiza-
tion can be used to generalize (1) to give a worst-case guarantee if the mean and
covariance are unknown but bounded within some convex region.

Section 3 will then use the robust version of (1) to extend the minimax approach
for supervised learning in a very natural way to unsupervised learning: single class
MPM. Most general, unsupervised learning involves estimation of the density from
which given data points y are drawn. A simplified version of this problem estimates
quantiles of that distribution [1],[4]: for a € (0, 1], one computes a region Q such
that Pr{y € Q} = a. For « close to 1, this amounts to novelty detection [4],[5]:
the probability density will mostly live in Q and a data point outside Q can be
considered as significantly different from the given data set. Nonlinear decision
boundaries can be obtained using Mercer kernels. Empirical results are given in
Section 4.

XXX Mike, I didn’t state anything yet in this introduction about the importance
of the single class problem... maybe you can add a short and accurate sketch, if
necessary /possible? XXX

2 Robust Minimax Probability Machine (R-MPM)

Let x,y € R” denote random vectors in a binary classification problem, modelling
data from each of two classes, with means and covariance matrices given by X,y €
R, and Xy, Xy € R™*" (both symmetric and positive semidefinite), respectively.
We wish to determine a hyperplane H(a,b) = {z | aTz = b}, where a € R"\{0}
and b € R, that maximizes the worst-case probability «a that future data points
are classified correctly with respect to all distributions having these means and
covariance matrices:

max o s.t. inf Pr{a’x>0b}>a (2)
a,a#0,b x~(%,3x)
inf Pr{aly <b}>a,
y~(¥,2y) { v = } -

where x ~ (X, 3y) refers to the class of distributions that have mean X and covari-
ance Yy, but are otherwise arbitrary; likewise for y. The worst-case probability of
misclassification is explicitly obtained and given by 1 — a.

The core result in solving the previous optimization problem (2) involves expressing
the probabilistic constraints in a deterministic way and is given in (1). This finally
leads to the following convex optimization problem [2], to be solved to determine
an optimal hyperplane H(a, b) [3]:

k' :=miny/aTS.a+,/aT’S,a st al(x—y) =1, (3)

where b is set to the value b, = afic — key/al'Xa,, with a, an optimal solution of
(3). The optimal worst-case misclassification probability is obtained via 1 — a, =
1/1 + k2. Once an optimal hyperplane is found, classification of a new data point
Znew 1S done by evaluating sign(a*szw — by): if this is +1, Zpew is classified as

belonging to class x, otherwise z,.,, is classified as belonging to class y.

In practical experiments, it may well happen that the test set error is greater than
1 — a. This contradicts the previous claim that 1 — a, is an upper bound on
misclassification error. It seems to imply that the probabilistic guarantees given by



the constraints in (2) do not hold. This apparent paradox has to do with estimation
errors. Since we do not know the mean and covariance a priori, they need to be
estimated from the data. The validity of the constraints in (2) and thus of the
upper bound 1 — a* depends on how good the estimates are.

We can approach this estimation problem based on robust optimization. Assume
the mean and covariance matrix of each class are unknown but bounded within some
specified convex sets: (X,Xy) € X, with X C R" x {M € R™"|M = MT M = 0}.
Likewise ) describes uncertainty in the mean and covariance matrix of the random
variable y. We now want the probabilistic guarantees in (2) to be robust against
variations of the mean and covariance matrix within this uncertainty sets:

max « s.t. inf  Pr{a’x>b}>a V(x,Z) € &, (4)
a,a#0,b x~(X,3x)
inf Pr{a’y <b}>a V(y,%,) €.
x~(¥,2y)

In other words, we would like to guarantee a worst-case misclassification probability
for all distributions which have unknown-but-bounded mean and covariance matrix,
but are otherwise arbitrary. The complexity of this problem depends obviously on
the structure of the uncertainty sets X', ). We now consider a specific choice for X
and ), both realistic from a statistical viewpoint and tractable numerically:

X {(%,3x) : ®@—x)T2 M (x-x%) <12, [|B - = r <0},
Y = @y : 3-8,y -0 <A 18y - 50 < 0},

(5)

with %2, 3, the “nominal” mean and covariance estimates and with v, p > 0 fixed
and, for simplicity, assumed equal for X and )). Section 4 discusses how their values
can be determined. The matrix norm is the Frobenius norm: ||A||% = Tr(AT A).

Our model for the mean uncertainty assumes the mean of class y belongs to an
ellipsoid centered around y°, with shape determined by the (unknown) Xy, This is
motivated by the standard statistical approach to estimating a region of confidence
based on Laplace (i.e., second-order) approximations to a likelihood function. The
covariance matrix belongs to a matrix norm ball centered around Eyo. This uncer-
tainty model is perhaps less classical from a statistical viewpoint, but it will lead
to a regularization term of a classical form.

In order to solve problem (4), we need a robust version of the core result (?7).
Notice that

inf Pr{aly<b}>a Y(§,%,)cYeb-aly>rnla)/aTSja with r(a)=

y~(¥,2y)

(6)
where the last part guarantees the constraint holds for the worst-case possible esti-
mate/choice of the mean and covariance matrix within the bounded set ).

For a given a and x°, we have

a’x =a’x’ —vy/aTx,a. (7)

mi
% (x—x0)TE,~1(x—x%x0)<v?

Indeed, we can form the Lagrangian
L(x ) =aTx + M\(x —x)T2, 1 (x - x%) — 1),

which is to be maximized with respect to A > 0 and minimized with respect to X.




At the optimum:

i_z(x, N = a+2%, k-2, k=0
ox

=x = x'— %Exa, (8)
2£(5<, N o= x-x9Ts, M (x-x0) -2
o\

1
= WaTEXa -2 =0 9)
al'Y,a

where (8) is substituted to obtain (9). Substitution of (10) in (8) gives the optimal
value for x and leads to (7).

For given a and X°, we have

T T (30
max a'Ya=a" (X°+ pl,)a, 11
o IZ-20r<p ( P ) (1)

where I, is the n x n identity matrix. Indeed, without loss of generality, we can let
3 be of the form ¥ = X° + pAX. We then obtain

max a’Sa=a"x%+p max a’A¥a = a’x% + pa’a, (12)
S So20) p<p AS : |AS|p<1

using the Cauchy-Schwarz inequality for
a’AXa < [[a[|2[|AZals < [lal|2[|[AZ| F[la]l2 < a3,

This holds of compatibility of the Frobenius matrix norm and the euclidean
vector norm and because ||[AX||F < 1. For AX the unity matrix, this upper bound
is attained.

Using (7) and (11), we obtain the robust version of the core result (?7?):

inf  Pr{aly <b} >aV¥(y,%,) €Y o b-aly > (k(a)+v)/aT (Zy + pl)a with k(a) =

y~(¥,3y)
(13)

Applying this result to (4) finally gives us that the optimal robust minimax prob-
ability classifier from problem (4) with sets X', Y given by (5) can be obtained by
solving problem (3), with £, = 3,° + pI,,, &, = B,° + pI,,. If 5! is the optimal
value of that problem, the corresponding worst-case misclassification probability is

rob __ 1
* 1+ max(0, (ks — v))2’

So, with only uncertainty in the mean, the robust hyperplane is the same as the
non-robust one; the only change is in the increase in the worst-case misclassification
probability. The uncertainty in the covariance matrix adds a term pI,, to the covari-
ance matrices, which can be interpreted as regularization term. This will change
the hyperplane and also increases the worst-case misclassification probability. Also
notice that, if there is too much uncertainty in the mean (i.e. x. < v), the robust
version is not feasible: there is no way to find a hyperplane which separates the two
classes in the robust minimax probabilistic sense and the worst-case misclassification
probability is 1 — P = 1.

11—«

Just as for the non-robust case (see [a]), this robust approach can be generalized to
allow nonlinear decision boundaries via the use of Mercer kernels. For results, we
refer the reader to [a].

(67

1—a’



3 Single class case for robust novelty detection

In this Section we extend our minimax approach to classification to the single class
case, and this directly in a robust setting as well.

The problem addressed in Section 2 is one of supervised learning: for each data
point, a label +1 or —1 is given, and the goal is to classify future data as belonging to
one of these two classes. In the most general case, unsupervised learning essentially
involves estimation of the density from which given data points x are drawn. A
simplified version of this problem estimates quantiles of this distribution: for a €
(0, 1], one computes a region Q such that Pr{x € Q} = « [b]. If « is chosen close
to 1, this amounts to outlier detection: most of the data will be contained inside
the region Q, and a data point outside Q can be considered as an outlier. Let us
consider data x ~ (X, ¥x) and the linear case where Q is a half-space not containing
the origin. Our basic question is: is the origin an outlier with respect to the data?

Given a € (0,1], we seek a half-space Q(a,b) = {z | a’z > b}, with a € R"\{0}
and b € R, and not containing 0, such that with probability at least «, the data lies
in Q, for every distribution having mean X and covariance matrix ¥x. We assume
again that the real mean and covariance matrix are unknown but bounded in a set
X as specified in (5):

(i[lfz : Pr{a’x>b} > a V(% X)) €.

We want the region Q to be tight, so we maximize its Mahalanobis distance to the
origin. We do this in a robust setting: we maximize the Mahalanobis distance in
the worst-case estimate/choice of the covariance matrix, i.e., the one that gives us
the smallest Mahalanobis distance:

max min L s.t. inf Pr{aTX >b>a V(XX eX. (14)

a#0,b (x,Zx)eX /al'3, a x~(%,2y%)

For simplicity, we will assume that 3y is positive definite; our result is easily ex-

def explicit assumed wordt) Note that Q(a,b) does not contain 0 if and only if
b > 0. Also, the optimization problem (14) is positively homogeneous in (a,b).
Thus, without loss of generality, we can set b = 1 in problem (14). Furthermore,
we can use the robust core result (13) for the constraint in (14), with a # 0, and
obtain

min  max a’Sia st. a’x—1> (k(a)+rv)\/al(Sk + pl,)a, (15)
a (x,Xx)EX

where () = /725 and the a # 0 can be omitted since the constrained wouldn’t

be satisfied in this case. Using (11), this can be written as
min a’(Zx +pl)a st. a’x—12> (k(a) +v)y/al(Sx + pl,)a, (16)
a
Thus an optimal half-space Q(a,b) can be determined again by solving a (convex)
second order cone programming problem. The worst-case probability of occurrence

outside region Q is then given by 1—a«. Notice that the particular choice of « € (0, 1]
must be feasible, i.e.,

Ja : a’x — 1> (k(a) + v)y/aT (B + pl,,)a.



In this case, ¥« + pI,, is positive definite and the halfspace is unique. Even more,
it can explicitly be determined. Indeed, (?7) can also be written as:

min a®(Zy + pl,)a s.t. (a’'x —1)2 > (k(a) + v)*(@T (Bx + pl,,)a)
a
alx—1>0. (17)
To solve this, we form the Lagrangian
L(a, N\ o) = a’(Tx+pl)a+\[(k(a)+v)*(@" (Ex+ ply)a) — (@’x—1)%] —o(a’x — 1)
= a’ [(1+Ax(a) +v)*)(Zx +pl,) — Axx"]a— (0 —2\)x"a— A+,

which is to be maximized with respect to A > 0,0 > 0 and minimized with respect
to a. At the optimum, we have %E(a, A,0) =0, which boils down to:

(L4 Mr(@) + 1)) (Bx+ pl,) —Axx"|a = (0—2))%
= (1+AMr(@) + 1)) (Bx+pl)a = (0 —22+xTa)x
e - o—22+ X xTa (S + pl)158)

14+ Ak(a) +v)?

This implies that the optimal a is proportional to (X + pl,) "*X. Hence, we can
write a as 7(Xx + pIn)_l)_( where 7 > 0 because otherwise a’x < 0 and the second
constraint in (17) cannot be satisfied. When substituting 7(2x + pI,,) ~'x for a in
(?7), we get

rTn>151 ¢ st ¢ — 12> (k(@) +v)71¢, (19)
where (? = xT(Zx + pl,)71x > 0 because X #
in (17)). The constraint can be written as 7(¢?
this can only be satisfied if (? — (k(a) + v)( >
feasibility condition for «:

= (k@) +1)(>0 & kla)<(-v

(k(a) + v)¢) > 1. Because T > 0,

0 (implied by the second constraint
0, which is nothing other than the

(€-v)?
S ol ———.
ST -0y
If this is fulfilled, the optimization (19) is feasible and boils down to
1

rTnZigT s.t. 7242_(H(a)+1/)g.

One can easily see that the optimal 7 is given by 7, = 1/(¢? — (k(a) + v)¢) which
leads to

>, %
(% = K(a)C
Notice that the uncertainty in the covariance matrix 3y leads to the typical, well-
known regularization for inverting this matrix. If the choice of « is not feasible or
if x = 0 (in this case, no a € (0,1] will be feasible), problem (14) does not have a
solution.

a, = with ¢ = /%72, 'x, (20)

Future points z for which afz < b, can then be considered as outliers with respect
to the region Q, with the worst-case probability of occurrence outside Q given by
1—a.

In a similar way as for the binary classification problem (see [a]), one can obtain a
nonlinear region Q in R™ for the single class case, by mapping the data x — o(x) ~

(¢(x), By (x)) and solving (14) in the higher-dimensional feature space R/

max # s.t. inf Pr{aT<p(X) > b} > a. (21)

a0b - [als ()~(2 (0, B 0))



Again, this optimization problem can be reformulated in terms of a given kernel
function K (z1,22) = ¢(z1)7 ¢(z2) satisfying Mercer’s condition. We finally obtain
that, if the choice of « is feasible, that is

Iy ATk — 1> (k(a) +v) \/WT(KEIN{X + pK)~,

then an optimal region Q(~,b) can be determined by solving the (convex) second
order cone programming problem:

min 77 (KX Ko+ pK)y st ke =12 (k(a) +v) \/WT(K,fo + oK),

where k(o) = /1% and b = 1. where v = [oq g -+ an, 1 B2 - 5Ny]T,
ke € RNV with [k = = Y0 K(xj,2), ky € RN=*No with [k]; =
Nizy:l’ll((yj,zi), z; = x; fori =1,2,...,N, and z; = y;_n, for i = N, +

1,N; +2,...,N; + Ny. K is defined as:

- (Ky—1y RT> <Kx)
K — x X — ~ 22
(Ky —1y,ki K, (22)
where 1,, is a column vector with ones of dimension m. Ky and K, contain
respectively the first N, rows and the last N, rows of the Gram matrix K (defined

as Kij = (2:)" ¢(2)) = K(2i,25)).

The worst-case probability of occurrence outside region Q is given by 1 —a. If

KTK, + pK is positive definite, the optimal half-space is unique and determined

by

(RIR, + pK) 'k
¢? = (k(a) +v)¢

if the choice of « is such that k(o) < {—vor a <

Y = with ¢ = \/kT(KTK, ) ky,

(C=1)?
(-7

regularize KT K, + pK with an extra term el,,, this unique solution can always be
determined.

When we numerically

If the choice of a is not feasible or if ky = 0 (in this case, no o € (0,1] will be
feasible), problem (21) does not have a solution.

Once an optimal decision region is found, future points z for which al¢(z) =
ZZNL [v«): K (xi,2) < b, (notice that this can be evaluated only in terms of the

kernel function), can then be considered as outliers with respect to the region Q,
with the worst-case probability of occurrence outside Q given by 1 — a.

4 Experiments

”exp and discussion”

Their values can be determined based on resampling methods, or, for a specific
application (e.g., binary classification, single class), they can be considered as hy-
perparameters of the algorithm and tuned using e.g., cross-validation.

In this section we report empirical results that test our algorithmic approach, the
robust single class MPM, and compare it to the single class SVM (see [c]) and
to a two-class SVM approach where an artificial second class is obtained by uni-
formly generating data points in 7' = {z € R"”|min{(x1);, (Xx2)i,--., Xn)i} < 2; <

max{ (X1)s, (X2)is- -+, (Xn)i}}-



For training, we fed the different algortihms with 80% of the data points of one
class of different standard benchmark data sets, using a Gaussian kernel of width

o (e’”w*y”rz/"). The other 20% of those data points and the data points of the
other class are then used for testing the performance. The Wisconsin breast cancer
dataset contained 16 missing examples which were not used. The breast cancer
and sonar data were obtained from the UCI repository while the heart data were
obtained from STATLOG and normalized. Data for the twonorm problem data
were generated as specified in [3]. The kernel parameter (o) for the Gaussian kernel
was tuned using cross-validation over 20 random partitions, as was the parameter
p for X. For simplicity, we put v = 0 for the single class MPM (this parameter
doesn’t really influence the performance anyway, it only decreases the actual value
of o) The averages over 30 random partitions into 80% training set and 20% test
set are reported in Table 1. The desired trade-off between a good false positive
and false negative performance can be obtained be tuning «, v (fraction of support
vectors and outliers for single class SVM) or C' (SVM soft margin weight parameter)
appropriately.

Table 1: Performance of different algorithms for single class problems; the better
performance per line is indicated in italic; FP = false positives (out-of-class data
not detected as such); FN = false negatives (in-class-data not detected as such).

Dataset Single Class MPM Single Class SVM Two-Class SVM approach
@ FP FN v FP FN C FP FN
Sonar 0.2 24.7% 64.0% 0.6 269 % 654% 01 238% 68.6%

class +1 0.8 44.6% 89.6 % 0.2 473 % 421 % 02 483% 423 %
095 693% 17.3% 0.0005 754 % 16.2% 1 75.2%  16.0%

Sonar 0.6 54% 517 % 0.4 85 % 53.7% 0.1 9.7 % 70.0 %
class -1 0.9 100% 374% 0.001 15.7% 413 % 02 346% 406 %
095 191% 29.7% 0.0006 36.1% 284% 035 47.7% 26.0%
099 561% 57% 0.00038 82.6% 6.3% 1 67.9 % 6.1 %

Breast 0.6 00% 88% 0.14 00% 146% 0005 04% 8.0 %
Cancer 0.8 1.8% 59% 0001 24% 6.1 % 0.1 09 % 43 %
class +1 0.2 105% 2.7% 0.0003 11.5% 31% 10 12.3 % 3.1 %
Breast 0.01 24% 265 % 0.4 256% 414 % 0.8 0.9 % 479 %
Cancer 0.03 29% 135 % 0.2 28% 25.0% 1 11.0 % 45 %
class -1 0.05 30% 83% 0.1 31 % 113 % 2 892 % 382 %

0.14 5.9 % 1.9 % 0.0bO5 9.2 % 3.4 % 100 98.0% 23.5 %

Twonorm  0.01 63% 432 % 0.4 62% 428% 013 68% 373 %

class +1 0.2 139% 225 % 0.2 127% 228% 017 120% 242%
0.4 225 % 11.9% 0.0008 233% 9.6 % 5 259 % 105 %
0.6 369% 45% 0.0003 33.4% 4.5 %

Twonorm 0.1 56 % 437 % 0.4 60% 441% 035 61% 49.8 %

class -1 0.4 113% 231% 015 11.8% 246 % 05 245% 23.7%
0.6 16.9% 121 % 0.0006 35.9% 12.0% 10 301 % 10.0 %
0.8 301 % 69% 0.00038 393 % 6.9%

Heart 0.46 134 % 462 % 0.4 135% 478% 005 11.9% 464 %
class +1 052 240% 309% 005 248% 36.7% 007 221% 303%
054 335% 226 % 0.0008 388 % 27.0% 01 358% 229%

Heart 0.0001 159% 413 % 0.4 208% 50.7% 0.08 139% 438 %
class -1 0.0006 21.2% 372% 0002 263% 438% 0.09 21.0% 37.5%
0.003 363 % 27.2% 0.0007 43.7% 292% 011 392% 31.8%
001 569% 159% 0.0005 584 % 18.09% 0.2 686% 16.7%




First of all, notice that the average performance of the single class MPM is com-
petitive with or even better than the best of the other approaches for the above
datasets. This certainly justifies the minimax approach to novelty detection from
an empirical point of view. However, the single class SVM and the 2-class approach
also show to be valuable, although the latter sometimes fails to provide us with an
extensive range of trade-off between false positives and false negatives.

Also, notice that 1 — a (worst-case probability of false negatives) is indeed an upper
bound on the average percentage of false negatives, except for the class -1 of the
sonar data set. The latter indicates that the simplifying assumption v = 0 is false
in this case.

It’s also interesting to see how the performance of the single class MPM is affected
when, for a given «, p is being put to zero, meaning no uncertainty on the covariance
estimate is assumed. Without giving any numerical results, we can tell here that
putting p = 0 indeed deteriorated the performance, usually giving a rather low false
positive rate but a very bad false negative rate.

In these experiments, we put v = 0 for simplicity and considered p rather as a
general hyperparameter of our model (a knob, being optimally tuned using cross-
validation) then as an inherent statistical parameter. Although this approach is
perfectly justifiable, it makes the bound 1 — « statistically less significant than when
estimating v and p from data to the best extent possible (e.g. using resampling).
A hidden detail however is that v and p will depend on o, to be determined using
cross-validation anyway.

5 Conclusions

After making the MPM formulation robust against estimation errors in the means
and covariance matrices, the robust minimax approach is naturally extended to-
wards the unsupervised learning problem of quantile estimation. Positive empirical
results on standard benchmark datasets are obtained and support the use of the
single class MPM.
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