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Abstract. A common way of solving the multiclass categorization problem is to reformulate the
problem into a set of binary classi¢cation problems. Discriminative binary classi¢ers like, e.g.,
Support Vector Machines (SVMs), directly optimize the decision boundary with respect to a
certain cost function. In a pragmatic and computationally simple approach, Least Squares SVMs
(LS-SVMs) are inferred by minimizing a related regression least squares cost function. The
moderated outputs of the binary classi¢ers are obtained in a second step within the evidence
framework. In this paper, Bayes’ rule is repeatedly applied to infer the posterior multiclass
probabilities, using the moderatedoutputs ofthebinary plug-in classi¢ers and the prior multiclass
probabilities.This Bayesian decoding motivates the use of loss function based decoding instead of
Hamming decoding. For SVMs and LS-SVMs with linear kernel, experimental evidence suggests
the use of one-versus-one coding. With a Radial Basis Function kernel one-versus-one and
error correcting output codes yield the best performances, but simpler codings may still yield
satisfactory results.

Key words: Bayesian decoding, discriminant analysis, evidence framework, Hamming
decoding, multiclass classi¢cation, regression, Support Vector Machines

1. Introduction

Multiclass categorization is a general task in pattern recognition with important
applications like, e.g., text and speech recognition. The task of anM-class classi¢er
is to predict the class label Cm, m ¼ 1; . . . ;M, given a new input vector x 2 Rn.
A popular way to solve the M-class problems is to reformulate the problem into
a set of L binary classi¢cation problems [1, 7, 9, 14, 16, 18, 19]. A ¢rst possibility
is to construct MðM � 1Þ=2 one-versus-one (1vs1) binary classi¢ers, each classi¢er
discriminating between each pair of 2 classes [10, 14]. An alternative approach [16]
is to represent each class Cm, m ¼ 1; . . . ;M, by a unique binary output codeword
cm 2 f�1;þ1gL of L bits. Then L binary classi¢ers are trained to discriminate
between two opposing subsets with different output bits. In [18] a minimal output
coding (MOC) has been applied to solve the multiclass problem with binary Least
Squares Support Vector Machines (LS-SVMs), using L bits to encode up to 2L

classes. One-versus-all (1vsA) coding [1, 6] uses L ¼M bits by putting the mth
bit of the codeword cm equal to þ1, while all other bits of cm are equal to 0 or
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�1, depending on the type of coding. Error correcting output codes (ECOC) [7] use
more bits than MOC in order to increase the Hamming distance between the M
codewords, allowing for one or more misclassi¢cations of the binary classi¢ers.
Finally, notice that one can represent the 1vs1 output coding by L-bit codewords
when one uses a ‘don’t care’ symbol (
) for the classes that are not considered.

Several decoding schemes exist in order to assign the multiclass label to a new
input x. Hamming decoding [7, 16] computes the output vector y 2 f�1;þ1gL as
the sign of the outputs of the L binary discriminants. The class label Cm is then
assigned to the corresponding codeword cm with minimal Hamming distance to
the output vector y. In [1], it is argued that this method ignores the used loss function
and the related con¢dences. Instead, a loss function based decoding has been
proposed, selecting the codeword with minimal loss function. Other decoding
schemes are related to a speci¢c output coding. In 1vsA output coding, the class
label is assigned to the class Cm, wherem is the binary classi¢er generating the largest
output. For 1vs1 coding, one uses a max-wins criterion or a directed acyclic graph
[14].

In this paper, we use binary LS-SVM plug-in classi¢ers with linear and Radial
Basis Function (RBF) kernels [17, 18] within the evidence framework [3, 8, 11,
12, 20, 21]. Each binary discriminant function is optimized using a least squares
regression cost function, while its binary class probabilities are inferred in a second
step within the related probabilistic framework. Bayes’ rule is then applied L times
to infer posterior multiclass probabilities, using the prior multiclass probabilities
and the posterior binary class probabilities. The Bayesian decoding is related to
loss based decoding [1] and is compared with Hamming decoding on ten multi-
class datasets. The evidence framework can also be applied to other classi¢ers
[3, 8, 11] in a straightforward way.

This paper is organized as follows. In Section 2, the probabilistic interpretation
of LS-SVM classi¢ers is reviewed. The Bayesian decoding scheme is derived in
Section 3. Design and decoding algorithms are discussed in Section 4. Experimental
results are given in Section 5.

2. Moderated Outputs of Binary LS-SVMs

In this Section, the binary LS-SVM classi¢er [17] is reviewed within the evidence
framework [3, 11, 12, 20, 21]. Each output coding uses L binary plug-in classi¢ers
to discriminate between the opposing subsets.

2.1. LS-SVM CLASSIFIER

In SVMs [5, 17, 22] the binary classi¢er takes the form

y ¼ sign½wTjðxÞ þ b�; ð1Þ

where the nonlinear function jð
Þ : Rn ! Rnf maps the input space to a higher nf
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dimensional feature space, which possibly may be in¢nite dimensional. However, the
SVM classi¢er is never evaluated in this form. As explained in [5, 22], the standard
SVM classi¢er is obtained by solving a quadratic programming problem in the dual
space.

In order to obtain a linear set of equations in the dual space, the SVM classi¢er
formulation was modi¢ed basically as follows in [17]:

min
w;b;e

J ðw; eÞ ¼
m
2
wTwþ

z
2

XN
i¼1

e2i ð2Þ

subject to the equality constraints

yi½wTjðxiÞ þ b� ¼ 1 � ei; i ¼ 1; . . . ;N: ð3Þ

Besides the quadratic cost function, an important difference with standard SVMs is
that the formulation consists now of equality instead of inequality constraints.
The hyperparameters m and z are related to the regularization term EW ¼ 1

2w
Tw

and the error term ED ¼ 1
2

PN
i¼1 e

2
i , respectively. As in standard SVMs, the

Lagrangian is constructed and one obtains the following set of linear equations
in the Lagrange multipliers ai 2 R (i ¼ 1; . . . ;N) and the bias term b 2 R:

0 YT

Y Oþ
m
z
IN

2
664

3
775 b

a

	 

¼

0
1v

	 

ð4Þ

with Y ¼ ½y1; . . . ; yN �, 1v ¼ ½1; . . . ; 1�, e ¼ ½e1; . . . ; eN �, a ¼ ½a1; . . . ; aN � and where
Mercer’s condition is applied within the O matrix: Oij ¼ yiyj jðxiÞ

TjðxjÞ ¼
yiyj Kðxi; xjÞ. For the kernel function Kð
; 
Þ one has, e.g., the following choices:
Kðx;xiÞ ¼ xTi x (linear kernel), Kðx; xiÞ ¼ ðxTi xþ 1Þd (polynomial kernel of degree
d), Kðx; xiÞ ¼ expf�kx� xik2

2=s
2g (RBF-kernel), where d 2 N and s 2 Rþ. Notice

that the Mercer condition holds for all s and d values in the RBF, resp. the poly-
nomial case, see [5, 17, 22] for details. The LS-SVM classi¢er is then constructed
as follows:

yðxÞ ¼ sign
XN
i¼1

aiyiKðx; xiÞ þ b

" #
; ð5Þ

where zMP ¼
PN
i¼1 aiyiKðx; xiÞ þ b by de¢nition.

Observe that the LS-SVM formulation (2)^(3) implicitly corresponds to a
regression formulation [3, 8, 15, 17]. Indeed, by multiplying the error ei with
yi 2 f�1;þ1g, the error term ED becomes

ED ¼
1
2

XN
i¼1

e2i ¼
1
2

XN
i¼1

ðyieiÞ
2
¼

1
2

XN
i¼1

ðyi � ðwTjðxiÞ þ bÞÞ
2: ð6Þ
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This relates the LS-SVM formulation to Gaussian Processes [23] and to Kernel
Fisher Discriminant Analysis [2, 13].

2.2. BAYESIAN INTERPRETATION OF LS-SVMs

We will now relate a probabilistic framework to the binary LS-SVM classi¢er.
Applying Bayes’ rule at the ¢rst level of inference [3, 11, 12], we obtain the posterior
probability for ½w; b�:

Pðw; bjD; m; z;HÞ ¼
PðDjw; b; m; z;HÞPðw; bjm; z;HÞ

PðDjm; z;HÞ
: ð7Þ

The prior Pðw; bjm; z;HÞ ¼ Pðw; bjm;HÞ and likelihood PðDjw; b; m; z;
HÞ ¼ PðDjw; b; z;HÞ are independent of z and m, respectively. The evidence
PðDjm; z;HÞ is a normalizing constant.

It is assumed that the prior is equal to Pðw; bjm;HÞ ¼ Pðwjm;HÞPðbjHÞ, with an
uninformative prior PðbÞ on the bias term b and where

Pðwjm;HÞ ¼
m
2p


 �nf
2
exp �

m
2
jjwjj22


 �
; ð8Þ

which corresponds to the regularization term m
2w
Tw in (2). The error term z

2

PN
i¼1 e

2
i

corresponds to the likelihood

PðDjw; b; z;HÞ ¼
YN
i¼1

Pðxi; yijw; b; z;HÞ

¼
YN
i¼1

Pðxijyi;w; b; z;HÞPðyijw; b; z;HÞ

¼
YN
i¼1

Pðyijw; b;HÞ
z

2p

� �1=2

exp �
z
2
e2i

� �
; ð9Þ

with Pðxijyi;w; b; z;HÞ ¼ ð z2pÞ
1=2 expð� z

2 e
2
i Þ and where Pðyijw; b;HÞ ¼ PðyiÞ is the

prior class distribution of yi. The maximum posterior weights wMP and bias term
bMP are obtained by minimizing the negative logarithm of (7). Substituting (8)
and (9) into (7) and neglecting all constants, this corresponds to minimizing (2).

The posterior class probability is assigned to a new input x within the above
de¢ned probabilistic framework by applying Bayes’ rule [3, 12, 20, 21]:

Pðyjx;D; m; z;HÞ ¼
Pðxjy;D; m; z;HÞPðyÞP

y2f�1;þ1g Pðxjy;D; m; z;HÞPðyÞ
: ð10Þ

The probability Pðxjy;D; m; z;HÞ corresponds to the likelihood (9), adjusted for an
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extra variance s2
z [3, 11, 12, 20, 21]:

Pðxjy;D; m; z;HÞ ¼ 2p
1
z
þ s2

z

� �� ��1=2

exp �
ð1 � yzMPÞ

2

2
1
z
þ s2

z

� �
0
BB@

1
CCA: ð11Þ

The variance s2
z is due to the posterior uncertainty on ½wMP; bMP� and is equal to [3,

11, 12] s2
z ¼ g

TH�1g, where g ¼ @zðx;½w; b�Þ
@½w; b�

��
x;½wMP; bMP �

¼½jðxÞ; 1� is the sensitivity of

the output z to the parameters ½w; b� and where H is the Hessian H ¼ @2J

ð@½w; b�Þ2
of

the cost function (2). The probabilistic output Pðyjx;D; m; z;HÞ is called the
moderated output of the LS-SVM classi¢er. It is easily observed that when
Pðy ¼ þ1Þ ¼ Pðy ¼ �1Þ, the class label is assigned to the most likely class as
y ¼ sign½zMP�.

A key idea of SVMs is that the mapping jðxÞ is never explicitly calculated. By
applying the Mercer condition, the following expression for the variance s2

z in
the dual space is obtained [20, 21]:

s2
z ¼ yðxÞTHDyðxÞ þ

1
m
Kðx; xÞ þ

1
Nz

�
2
N

yðxÞTHDOY

þ
2
N

m�1yðxÞTY þ
1
N2Y

TOHDOY þ
1

mN2 Y
TOY : ð12Þ

The vector yðxÞ 2 RN and the matrices HD 2 RNeff
Neff , UG 2 RN
Neff and
DG 2 RNeff
Neff are de¢ned as follows: yiðxÞ ¼ yiKðx; xiÞ; i ¼ 1; . . . ;N;
HD ¼ UG½ðmINeff þ zDGÞ

�1
� m�1INeff �U

T
G , UGð:; iÞ ¼ ðnG;iOnG;iÞ

�1=2 nG;i; i ¼ 1; . . . ;
Neff WN � 1; and DG ¼ diagð½lG;1; :::; lG;Neff �Þ; where nG;i and lG;i are the solutions
to the eigenvalue problem

IN �
1
N
YYT

� �
OnG;i ¼ lG;inG;i; i ¼ 1; . . . ;Neff WN � 1: ð13Þ

The number of non-zero eigenvalues is denoted by Neff < N, see [20, 21] for more
details.

The above problem formulation corresponds to the ¢rst level of Bayesian inference
[11, 12, 20, 21]. By applying Bayes’ rule on the second level, the optimal
hyperparameters mMP and zMP are inferred from the data D. Model comparison
is performed on the third level, e.g., to tune the parameter s of an RBF-kernel [11,
12, 20, 21].

3. Bayesian Decoding

We will now repeatedly apply Bayes’ rule to estimate the posterior probability of the
codeword cm ¼ ½yð1Þm ; . . . ; yðlÞm ; . . . ; y

ðLÞ
m � of the corresponding class Cm, m ¼ 1; . . . ;M.

It is assumed that the moderated outputs of the L binary classi¢ers
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PðyðlÞjx;DðlÞ; mðlÞ; zðlÞ;HðlÞÞ, l ¼ 1; . . . ;L, are known, e.g., from (10) and (11) [3, 8, 11,
12, 20, 21]. The superscript ðlÞ is used to denote all parameters related to the lth
binary classi¢er. For convenience, we will use the notation of H

ðlÞ
m;z to denote the

binary classi¢er of output bit yðlÞ with model structure HðlÞ and with corresponding
hyper- and model parameters: PðyðlÞjx;HðlÞ

m;zÞ :¼ Pðy
ðlÞjx;DðlÞ; mðlÞ; zðlÞ;HðlÞÞ. We also

use the short-hand notations yði:jÞ ¼ ½yðiÞ; . . . ; yðjÞ� and H
ði:jÞ
m;z ¼ fH

ðiÞ
m;z; . . . ;H

ðjÞ
m;zg. A

key assumption of the Bayesian (and also Hamming [7, 16]) decoding scheme is that
the output of the lth binary classi¢er is independent of the other classi¢ers
H

ð...;l�1;lþ1;...Þ
m;z , as will be exploited in the next Subsection.

3.1. BAYESIAN DECODING WITH BINARY TARGETS f�1;þ1g

The key step in the Bayesian decoding scheme is the updating of the multiclass
probabilities Pðcmjx;H

ð0:l�1Þ
m;z Þ of the codewords cm, m ¼ 1; . . . ;M by applying Bayes’

rule for each output bit yðlÞm , l ¼ 1; . . . ;L.
The updating starts from the prior multiclass probabilities

PðcmÞ ¼ PðCmÞ ¼ Pðcmjx;H
ð0Þ
m;zÞ, m ¼ 1; . . . ;M. When no prior class probabilities

are known, one typically assumes equal prior class distributions, i.e.,
PðCmÞ ¼ 1=M. The notation Pðcmjx;H

ð0Þ
m;zÞ is introduced to indicate that the Bayesian

updating scheme starts from the prior. The introduction of the dummy model Hð0Þ
m;z

also allows for a uniform notation for all bits l ¼ 1; . . . ;L. We also use the dummy
yð0Þm ¼ 
, where yð0Þm is introduced for convenience of notation only; e.g., we have
Pðyð0:lÞm jx;Hð0:lÞ

m;z Þ ¼ Pðy
ð1:lÞ
m jx;Hð0:lÞ

m;z Þ and Pðyð0Þm jx;Hð0:lÞ
m;z Þ ¼ 1.

Given the likelihood Pðyð0:LÞm jx;Hð0:l�1Þ
m;z Þ, we infer Pðyð0:LÞm jx;Hð0:lÞ

m;z Þ by ¢rst applying
the chain rule:

Pðyð0:LÞm jx;Hð0:lÞ
m;z Þ ¼ Pðy

ð0:l�1Þ
m jx;Hð0:lÞ

m;z Þ


 PðyðlÞm jx; y
ð0:l�1Þ
m ;Hð0:lÞ

m;z ÞPðy
ðlþ1:LÞ
m jx; yð0:lÞm ;Hð0:lÞ

m;z Þ; ð14Þ

where we assume that the ¢rst l � 1 outputs bits are independent of the model HðlÞ
m;z,

i.e., Pðyð0:l�1Þ
m jx;Hð0:lÞ

m;z Þ ¼ Pðy
ð0:l�1Þ
m jx;Hð0:l�1Þ

m;z Þ. It is also assumed that Pðyðlþ1:LÞ
m jx,

yð0:lÞm ;Hð0:lÞ
m;z Þ ¼ Pðy

ðlþ1:LÞ
m jx; yð0:lÞm ;Hð0:l�1Þ

m;z Þ. The likelihood of the lth bit is computed
by applying Bayes’ rule as in (10):

PðyðlÞm jx; y
ð0:l�1Þ
m ;Hð0:lÞ

m;z Þ ¼
PðxjyðlÞm ; y

ð0:l�1Þ
m ;Hð0:lÞ

m;z ÞPðy
ðlÞ
m jy

ð0:l�1Þ
m ;Hð0:lÞ

m;z Þ

Pðxjyð0:l�1Þ
m ;Hð0:lÞ

m;z Þ

¼
PðxjyðlÞm ;H

ðlÞ
m;zÞPðy

ðlÞ
m jy

ð0:l�1Þ
m ; x;Hð0:l�1Þ

m;z Þ

Pðxjyð0:l�1Þ
m ;Hð0:lÞ

m;z Þ
; ð15Þ

using PðxjyðlÞm ;y
ð0:l�1Þ
m Þ ¼ PðxjyðlÞm ;H

ðlÞ
m;zÞ and PðyðlÞm jy

ð0:l�1Þ
m ;Hð0:lÞ

m;z Þ ¼ Pðy
ðlÞ
m jy

ð0:l�1Þ
m ,

H
ð0:l�1Þ
m;z Þ ¼ PðyðlÞm jy

ð0:l�1Þ
m ; x;Hð0:lÞ

m;z Þ. The denominator Pðxjyð0:l�1Þ
m H

ð0:lÞ
m;z Þ is a normalizing

constant as in (10) such that the sum of both probabilities for yðlÞ 2 f�1;þ1g is equal
to one.
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Applying the chain rule in the opposite direction, we can write

Pðyðlþ1:LÞ
m jyð0:lÞm ; x;Hð0:l�1Þ

m;z ÞPðyðlÞm jy
ð0:l�1Þ
m ; x;Hð0:l�1Þ

m;z Þ 
 Pðyð0:l�1Þ
m jx;Hð0:l�1Þ

m;z Þ

¼ Pðcmjx;H
ð0:l�1Þ
m;z Þ: ð16Þ

By substituting (15) into (14) and using (16), we obtain

Pðcmjx;H
ð0:lÞ
m;z Þ ¼

PðxjyðlÞm ;H
ðlÞ
m;zÞPðcmjx;H

ð0:l�1Þ
m;z Þ

Pðxjyð0:l�1Þ
m ;Hð0:lÞ

m;z Þ
; ð17Þ

where the normalizing constant Pðxjyð0:l�1Þ
m ;Hð0:lÞ

m;z Þ can be calculated by imposing thatP
cm Pðcmjx;H

ð0:lÞ
m;z Þ ¼ 1.

By applying the updating rule (17) for l ¼ 1; . . . ;L, the unnormalized posterior
multiclass probabilities are obtained as

Pðcmjx;H
ð0:LÞ
m;z Þ / PðcmÞ

YL
l¼1

PðxjyðlÞm ;H
ðlÞ
m;zÞ; ð18Þ

for m ¼ 1; . . . ;M. Taking the negative logarithm of (18), the most probable class
corresponds to the class with minimum weighted loss function, adjusted for the prior
information � logPðcmÞ. Neglecting all constants, this corresponds to selecting the
class m for which the weighted squared error

� logPðcmÞ þ
XL
l¼1

ð1 � yðlÞm z
ðlÞ
MPÞ

2

2
1

zðlÞ
þ s2

zðlÞ

� � ð19Þ

is minimal. When all classes are a priori equally likely and when one considers only
codewords related to de¢ned classes Cm, the ¢rst term in (19) may be omitted
and the decision criterion corresponds to a weighted squared error criterion, taking
the accuracy of the different classi¢ers into account. When all classes have the same
prior class probability and when the all weightings 1=zðlÞ þ s2

zðlÞ are equal, the
Bayesian decoding scheme corresponds to the loss based decoding proposed in [1].
While it may occur in Hamming decoding that no class label can be assigned when
multiple codewords have the same minimal Hamming distance from a given output,
this problem will rarely occur in practice in the Bayesian decoding, since (19) is a
real-valued criterion. Furthermore, the Bayesian decoding allows to obtain the
posterior multiclass probabilities as in the case of the binary classi¢cation scheme
[11, 12, 20, 21].

3.2. BAYESIAN DECODING WITH DON’T CARES f�1;
;þ1g

Bayes’ rule is now applied to update the probabilities of the codewords cm, when the
probability PðxjyðlÞ;HðlÞ

m;zÞ of a new bit yðlÞ 2 f�1;þ1g, l ¼ 1; . . . ;L is calculated. The
difference with the previous Subsection is that there may be a nonempty set
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M
ðlÞ

 of classes m for which the lth bit of the corresponding codeword cm is a don’t

care: yðlÞm ¼ 
. This don’t care will cause that the probability of these codewords
is not updated.1 Starting from the initial probability Pðcmjx;H

ð0Þ
m;zÞ ¼ PðcmÞ, the

updating rule (17) now becomes

Pðcmjx;H
ð0:lÞ
m;z Þ ¼

Pðcmjx;H
ð0:l�1Þ
m;z Þ; for m 2 M

ðlÞ



PðxjyðlÞm ;H
ðlÞ
m;zÞPðcmjx;H

ð0:l�1Þ
m;z ÞX

m 62MðlÞ

PðxjyðlÞm ;H
ðlÞ
m;zÞPðcmjx;H

ð0:l�1Þ
m;z Þ

for m 62 M
ðlÞ

 :

8>>><
>>>:

ð20Þ

By applying this updating rule for l ¼ 1; . . . ;L, the posterior multiclass probabilities
Pðcmjx;H

ð0:LÞ
m;z Þ are obtained.

4. Algorithms

TheM-class classi¢er design within the evidence framework basically consists of the
following steps:

1. Normalize the inputs of the training data to zero mean and unit variance [3]. Assign
the codewords cm2f�1;
;þ1gL (m ¼ 1; . . . ;M) to the outputs according to the
selected output coding.

2. For each output bit yðlÞ (l ¼ 1; . . . ;L) one constructs the binary classi¢er, which is
done as follows:
a) For each binary classi¢er, select the model HðlÞ

j with a certain kernel function,
possibly with kernel parameter (e.g., sj for an RBF-kernel); the index j is used
to denote the di¡erent kernels and parameters [17, 20, 21].

b) The optimal hyperparameters mðlÞMP; z
ðlÞ
MP of the model HðlÞ

j are inferred from the
data DðlÞ ¼ fxi; y

ðlÞ
i g
N ðlÞ

i¼1, with yðlÞi 2 f�1;þ1g, on the second level of inference
as described in [12, 20, 21]. The corresponding level 2 cost function is optimized
in an iterative way. In each iteration one basically calculates the following steps:
i) for given mðlÞ and zðlÞ, the support values aðlÞ and bias bðlÞ of the lth binary
LS-SVM are obtained on level 1 from (4); ii) calculate EðlÞ

D and EðlÞ
W . Use these

terms in the evaluation of the level 2 cost function in mðlÞ and zðlÞ.
c) Eventually, one may re¢ne the kernel parameter (e.g., sðlÞj ) in order to improve

the model evidence [12, 20, 21]. Go to step a), unless the best model H
ðlÞ
j

has been selected.

Given the output coding cm, the prior multiclass distribution PðcmÞ ¼ PðCmÞ and the
L binary classi¢ers H

ð1:LÞ
m;z , the posterior multiclass probabilities are inferred as

follows:

1. Normalize the input in exactly the same way as the training data.

1Notice that this scheme differs from the approach suggested in [1], where one uses a 0 instead of a
don’t care for the output coding.
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2. For each bit yðlÞ (l ¼ 1; . . . ;L) calculate the likelihood PðxjyðlÞ;HðlÞ
m;zÞ for

yðlÞ 2 f�1;þ1g from (11) and (12), given x, the model parameters aðlÞ, bðlÞ, the
hyperparameters mðlÞMP; z

ðlÞ
MP and the kernel function (with parameter, e.g., sðlÞ

for an RBF-kernel) of the best model HðlÞ:

3. Update the posterior probability of each codeword cm, m ¼ 1; . . . ;M according to
the updating rules (17) or (20) starting from the prior probability PðcmÞ for
l ¼ 1; . . . ;L.

4. Select the codeword cmwith the maximum posterior probability and assign the class
label to the corresponding class Cm.

When no 
 are used, one can also use directly (19) to determine the codeword with
minimal loss.

5. Experiments

The test set performances of the output codings (1vs1, 1vsA, MOC and ECOC) using
Hamming and Bayesian decoding were assessed on ten benchmark datasets using
binary LS-SVM plug-in classi¢ers with linear and RBF-kernels. We also used
SVM classi¢ers [4^6, 22] in combination with 10-fold cross-validation on the training
set in order to select the regularization parameter C and the parameter s of the
RBF-kernel. The following multiclass datasets were retrieved from the UCI bench-
mark repository:2 the balance scale (bal), dermatology (der), glass identification

(gla), iris plant (iri), LED display (led), new thyroid (nth), small soybean (ssd),

the Statlog vehicle silhouettes (veh), the wine recognintion (win) and the zoo (zoo)

database. The main characteristics of these datasets are summarized in Table I.

Each dataset was randomized 10 times. For each randomization, we used 2/3 of the

data points for the training and the remaining 1/3 for testing. All experiments were

conducted within the matlab environment.

The outputs were assigned according to the four output codings mentioned above.
The codebook ½c1; . . . ; cm� for the ECOC was constructed as follows. We used
maximally L ¼ 10dlog2Me bits, where d
e rounds up to the nearest integer. Rows

Table I. Characteristics of the UCI multiclass datasets with n inputs and M classes. The number of data
points used for training, testing and the total number of data points is denoted by Ntr, Ntest and Ntot,
respectively.

bal der gla iri led nth ssd veh win zoo

n 4 34 9 4 7 5 21 18 13 16
Ntr 416 244 142 100 400 143 31 564 118 67
Ntest 209 122 72 50 200 72 16 282 60 34
Ntot 625 366 214 150 600 215 47 846 178 101
M 3 6 6 3 10 3 4 4 3 7

2UCI Repository of machine learning databases [http://www.ics.uci.edu/�mlearn/MLReposi-
tory.html]. University of California, Dept. of Information and Computer Science, Irvine, CA.
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only differing up to the sign were only used once. We generated maximally 10000
times randomly constructed codebooks and selected the codebook for which the
minimal Hamming distance between its codewords cm was maximal [1]. The L binary
LS-SVM classi¢ers with linear kernel and RBF-kernel are designed within the evi-
dence framework [11, 12, 20, 21] as explained in Section 4. For the 1vs1 coding
scheme, we mention that the Hamming distance to a 
 was taken to be 1/2 [1].
Hamming decoding was also used for the 1vsA output coding, but when more than
one codeword had minimal Hamming distance, the class label was assigned corre-
sponding to the classi¢er with the largest output. All classes were assumed to have
equal prior multiclass probabilities in the Bayesian decoding scheme.

The average test set performances and their standard deviations (between
parantheses) of the LS-SVM and SVM classi¢ers are reported in Tables II and III,
respectively. Both SVM and LS-SVM classi¢ers yield comparable results. For
the LS-SVM and SVM with linear kernels, one notices that the performances of

Table II. Test set performances of LS-SVMs with linear and RBF-kernel for di¡erent output codings using
Hamming and Bayesian decoding, the corresponding sample standard deviations are put between
parantheses.

LS-SVM with Linear kernel

Hamming Decoding Bayesian Decoding

1vs1 1vsA MOC ECOC 1vs1 1vsA MOC ECOC

bal 87.5(2.7) 87.4(2.5) 92.0(2.2) 84.9(2.8) 87.0(2.5) 87.5(2.6) 92.0(2.2) 87.5(2.6)
der 96.3(1.1) 97.0(1.6) 94.3(2.1) 97.1(1.4) 96.6(1.0) 96.8(1.6) 95.5(1.6) 97.3(1.4)
gla 61.5(4.9) 57.4(7.1) 47.2(3.9) 56.9(6.6) 58.3(5.0) 58.2(6.4) 50.1(3.8) 59.0(7.6)
iri 97.0(1.7) 81.4(5.3) 72.2(4.7) 72.0(4.8) 97.2(2.3) 85.2(5.1) 72.8(4.8) 85.2(5.1)
led 70.7(3.7) 70.9(4.4) 54.5(2.1) 68.2(3.8) 72.0(2.8) 71.5(3.3) 54.5(2.1) 71.2(4.2)
nth 91.1(3.9) 87.8(3.9) 86.7(4.5) 86.7(4.5) 92.5(3.8) 88.9(4.4) 87.4(4.7) 87.4(4.7)
ssd 96.2(3.2) 95.0(2.6) 95.0(2.6) 95.0(2.6) 96.9(3.3) 95.0(2.6) 95.0(2.6) 95.0(2.6)
veh 80.6(1.8) 77.0(1.6) 69.3(2.1) 68.0(1.9) 80.7(1.3) 78.0(2.2) 69.3(2.1) 78.4(2.2)
win 98.2(1.5) 98.7(1.7) 96.5(2.0) 98.7(1.7) 98.0(1.7) 99.0(1.2) 97.3(1.6) 98.7(1.7)
zoo 91.5(3.8) 91.2(5.4) 88.2(6.0) 90.6(5.8) 91.2(3.9) 92.6(5.0) 88.2(6.0) 92.6(5.2)

LS-SVM with RBF-kernel

Hamming Decoding Bayesian Decoding

1vs1 1vsA MOC ECOC 1vs1 1vsA MOC ECOC

bal 92.3(1.7) 88.6(2.1) 93.1(2.9) 88.6(2.1) 91.4(1.8) 90.3(2.1) 93.3(2.8) 90.3(2.1)
der 97.4(0.8) 96.0(0.7) 96.7(1.1) 97.7(0.8) 97.3(1.0) 97.4(0.8) 97.0(1.2) 97.6(0.8)
gla 62.6(7.4) 54.4(4.4) 50.7(5.6) 63.2(9.5) 58.5(6.1) 64.3(7.3) 51.2(5.1) 66.1(8.5)
iri 95.8(3.5) 94.4(2.8) 94.6(2.8) 94.4(2.8) 95.6(3.4) 95.0(3.2) 94.6(2.8) 95.0(3.2)
led 71.9(3.1) 68.8(1.6) 70.7(2.9) 71.3(2.4) 72.2(2.8) 71.9(3.0) 70.7(2.9) 72.0(3.1)
nth 96.0(1.7) 96.1(1.9) 96.5(2.0) 96.1(1.9) 96.2(1.9) 96.1(1.9) 96.5(2.0) 96.1(1.9)
ssd 97.5(3.2) 93.8(4.2) 95.0(2.6) 95.0(2.6) 97.5(3.2) 95.0(2.6) 95.0(2.6) 95.0(2.6)
veh 82.3(1.5) 76.0(4.8) 80.7(2.4) 76.2(2.2) 82.8(1.5) 79.5(3.9) 80.7(2.4) 82.7(2.3)
win 98.3(1.6) 97.7(1.8) 97.8(1.9) 97.7(1.8) 98.3(1.6) 98.2(1.7) 97.8(1.9) 98.2(1.7)
zoo 92.6(3.7) 89.4(5.9) 91.2(3.9) 92.6(4.2) 92.9(3.7) 92.9(4.2) 91.2(3.9) 92.9(3.7)
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the different output coding schemes may vary signi¢cantly. The 1vs1 output
generally yields the best test set performance, combined with Bayesian output
coding. This is intuitively understood since this coding scheme is the generate simple
classi¢cation problems that are more likely to be solvable with a low capacity
classi¢er, like, e.g., the linear kernel [10]. The average test set performances for
the RBF-kernel are reported in the second part of Tables II and III. The difference
in performance between the different output codings is less signi¢cant than for
the linear kernel, which is explained by the possibility of a nonlinear decision
boundary with the RBF-kernel (see also the example in [17]). The ECOC and 1vs1
coding generally yield the best performance. The difference with the computationally
simple MOC is much smaller than with the linear kernel.

We also applied the 1vs1 output coding on the 10-class US Postal dataset (usps)
[5, 10], consisting of a training set and test set of 7291 and 2007 instances,

respectively. The training the binary SVM and LS-SVM classifier was done in the

Table III. Test set performances of SVMs with linear and RBF-kernel for di¡erent output codings using
Hamming and loss function decoding, the corresponding sample standard deviations are put between
parantheses.

SVM with Linear kernel

Hamming Decoding Loss Function Decoding

1vs1 1vsA MOC ECOC 1vs1 1vsA MOC ECOC

bal 92.3(2.0) 87.5(2.4) 92.9(1.8) 84.9(2.8) 92.9(1.8) 92.0(2.0) 92.9(1.8) 92.0(2.0)
der 96.5(1.0) 96.1(1.0) 94.8(1.7) 97.4(0.8) 94.9(1.5) 96.6(1.4) 95.2(1.6) 96.1(1.3)
gla 61.0(4.4) 50.0(6.1) 49.6(8.0) 57.2(4.4) 54.4(7.8) 53.2(7.0) 50.7(7.7) 56.1(6.8)
iri 95.6(1.8) 72.4(4.7) 72.2(4.6) 70.8(3.8) 85.4(5.2) 76.6(6.0) 72.2(4.6) 76.6(6.0)
led 73.5(2.8) 67.4(4.0) 55.5(3.7) 67.1(4.6) 65.9(4.9) 71.0(4.5) 56.1(4.3) 55.2(8.4)
nth 96.0(2.6) 90.0(4.3) 88.9(3.6) 88.2(3.3) 94.6(4.2) 92.8(2.4) 92.1(2.0) 92.8(2.4)
ssd 98.8(2.6) 97.5(3.2) 97.5(3.2) 97.5(3.2) 98.8(2.6) 98.1(3.0) 97.5(3.2) 97.5(3.2)
veh 80.0(2.2) 69.4(6.9) 69.8(2.5) 77.5(2.2) 80.0(1.8) 76.1(2.8) 69.8(2.5) 76.5(3.0)
win 98.0(1.9) 98.0(2.0) 97.2(1.9) 96.3(2.3) 93.5(4.1) 97.7(2.1) 97.3(2.0) 97.7(2.1)
zoo 90.0(6.4) 87.9(5.6) 88.2(6.4) 92.6(4.2) 89.7(8.2) 88.5(5.3) 88.2(6.4) 88.2(6.4)

SVM with RBF-kernel

Hamming Decoding Loss Function Decoding

1vs1 1vsA MOC ECOC 1vs1 1vsA MOC ECOC

bal 96.5(1.2) 90.2(2.3) 96.9(1.9) 89.0(2.6) 92.9(1.8) 92.9(1.8) 96.9(1.9) 92.9(1.8)
der 96.6(1.0) 94.8(1.0) 96.1(1.6) 97.3(1.0) 95.8(1.8) 94.3(1.5) 96.5(1.4) 96.6(1.2)
gla 65.1(6.1) 62.2(6.2) 61.4(6.0) 65.7(6.3) 60.8(5.2) 46.1(9.0) 76.4(6.3) 65.3(7.6)
iri 94.4(2.6) 94.8(2.7) 94.4(3.4) 93.6(2.8) 77.8(11.3) 80.2(7.5) 94.4(3.4) 95.4(2.5)
led 73.0(3.1) 67.5(3.5) 71.0(3.0) 71.4(2.8) 68.1(6.4) 70.7(3.1) 71.0(3.0) 71.9(3.3)
nth 95.6(2.0) 94.4(2.4) 95.1(1.6) 94.2(2.2) 94.3(3.8) 94.0(3.7) 95.7(1.5) 96.0(2.3)
ssd 98.8(2.6) 96.2(5.3) 98.8(2.6) 98.8(2.6) 98.8(2.6) 98.8(2.6) 98.8(2.6) 98.8(2.6)
veh 83.8(1.4) 82.3(1.5) 79.4(2.3) 83.0(1.5) 78.9(3.7) 74.7(3.9) 84.1(2.3) 84.4(2.6)
win 98.0(2.3) 97.3(1.8) 97.3(1.8) 96.8(2.4) 96.3(2.8) 97.3(2.2) 97.3(1.8) 97.8(2.1)
zoo 89.4(4.4) 86.2(8.4) 89.7(4.0) 92.6(3.7) 89.4(5.6) 90.9(5.3) 89.7(4.0) 92.6(4.0)
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same way for each of the 45 binary plug-in classifiers. On a Pentium III 733 MHz

machine with 128 Mb, the design of a binary SVM [4] and LS-SVM [20] took about

47680 and 7670 s using Matlab cmex implementations, respectively. The final

training and evaluation of a binary SVM took 389 and 28 s, respectively, while 31

and 59 s were needed for the training and evaluation of a binary LS-SVM classifier.

Binary SVM plug-in classifiers in combination with Hamming and loss function

decoding yield test set performances of 95.1% and 94.0%, respectively. Using

LS-SVMs in combination with Hamming and Bayesian decoding yielded

comparable test set performances of 95.2% and 94.7%, respectively.

6. Conclusions

Multiclass categorization problems can be reformulated as a set of binary classi¢-
cation problems. In this paper, we considered the use of binary Support Vector
Machine (SVM) and Least Squares SVM (LS-SVM) plug-in classi¢ers. Each binary
LS-SVM classi¢er was optimized with respect to a least squares regression cost
function. The moderated outputs of these binary classi¢ers are used together with
the prior multiclass probabilities in order to infer the posterior multiclass
probabilities of the codewords by repeatedly applying Bayes’ formula. Loss function
based decoding can be obtained as a special case of Bayesian decoding. Empirical
evidence motivates the use of one-versus-one coding when using a linear kernel
in combination with Bayesian or Hamming decoding. For a radial basis function
(RBF) kernel, which allows to construct nonlinear decision boundaries, error
correcting and one-versus-one coding yield the best performances, but satisfactory
results are also obtained with the simpler minimum output coding.
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